Abstract The modular valued operator V m of the von Neumann interaction operator for a projector is defined. The properties of V m are discussed and contrasted with those of the standard modular value of a projector. The associated notion of a faux qubit is introduced and its possible utility in quantum computation is noted. An experimental implementation of V m is also highlighted.
The notion of the quantum modular value of a projection operator was introduced in 2010 by Kedem and Vaidman [8] . Because of the intrinsic relationship of such modular values to weak values, quantum foundations, and quantum computing, recent studies have been devoted to illuminating many of their properties [1] [2] [3] [5] [6] [7] . This short note defines the "modular valued operator" V m of the von Neumann interaction operator when the associated observable A to be measured is a projector. The properties of V m are discussed and contrasted with those of the modular value of A and it is shown that -for arbitrary interaction strength -the action of V m upon a continuous pointer state produces a new state which mimics the behavior of the well-known two slit experiment. This new state can also serve as a faux (fake) qubit. The potential utility of faux qubits in quantum computing is noted and a recent experimental implementation of V m is briefly described.
The von Neumann interaction operator V describes the coupling between a quantum system and a measurement pointer according to
where γ = γ(t)dt is the coupling strength of the interaction, A is the system observable to be measured, and p is the pointer's momentum operator. For typical measurements the pointer variable p and the initial pointer state |ϕ employed are continuous so that if the system is pre-selected to be in state |ψ i , the pointer state after the measurement is V |ψ i |ϕ . If state |ψ f is post-selected after the interaction, the resulting pointer state of the pre-and post-selected (PPS) system is |Φ = ψ f | V |ψ i |ϕ . In this context, the weak value of A occurs when the coupling strength is sufficiently small so that ψ f | V |ψ i ≈ e − i γA w p and |Φ ≈ e − i γA w p |ϕ -in which case the pointer is shifted from its initial position by the amount γReA w . Here the complex number
is the weak value of A. The modular value of A arises when the initial pointer state is a normalized qubit |ϕ = α|0 + β|1 and p in Eq. (1) is replaced by the projector |1 1|. After a measurement with arbitrary coupling strength is performed upon a PPS system, the resulting normalized state is the qubit
where N is the normalization factor and the complex number
is the modular value of A. Although ( A) m is related to A w via the approximate expression ( A) m ≈ 1 − i γA w ≈ e − i γA w when γ is sufficiently small, the formal general relationship between them is given exactly by the derivative [6] 
Now extend the notion of a quantum modular value to the modular valued operator V m of V defined by
where A is understood to be a projector. Since e − i γ A p = 1 − A + A S when A is a projector and p (and |ϕ ) are continuous [10] , then -for arbitrarily large γ -the operator V m can be exactly expressed in terms of A w as
where S = e − i γ p is the pointer position translation operator defined by the action q| S|ϕ ≡ ϕ(q − γ), q is the pointer's position operator that is conjugate to p, and -for simplicity -it is assumed that q|ϕ ≡ ϕ(q) is real valued and symmetric about ϕ| q|ϕ = 0 (here 1 is the identity operator).
The exact expression for the normalized pointer state |Φ that results from the action of V m upon |ϕ is (Eq. 2.3 in [10] )
where χ is the Pancharatnam phase defined by e iχ = ψ f |ψ i | ψ f |ψ i | −1 and
Thus, similar to the qubit resulting from an arbitrarily strong PPS measurement of a projector A which has the modular value of A encoded within it, an arbitrarily strong action of V m upon a continuous pointer state produces a new pointer state with A w encoded within it. The exact spatial distribution profile for this new pointer state is (11) vanishes, and the distribution profiles are given exactly by
whereas if A w ∈ {0, 1}, this interference term does not vanish and the profile is given by Eq. (11). It is interesting that this change of Φ(q) 2 with the value of A w is reminiscent of the changes that occur in the two-slit experiment when parallel slits located along a line on a screen at positions q and q − γ are blocked (A w ∈ {0, 1}) and there is no interference and unblocked (A w ∈ {0, 1}) and there is interference. As a side note, Eq. (12) is a formal statement that the action of V m upon |ϕ produces a state that exhibits weak value persistence (recall that weak value persistence refers to the fact that the measured weak values 0 and 1 for a projector persist for large coupling strengths outside the weak measurement regime where the measurements are no longer weak measurements) [9, 10] .
The similarity between the form of Eq. (10) and that of Eq. (5) suggest that Eq. (10) can be rewritten as the faux qubit
where the substitutions |ϕ = |0 and S|ϕ = |1 have been made in Eq. (10). The adjective "faux" is used here because, although 0 |0 = ϕ|ϕ = 1 = ϕ|ϕ = ϕ| S † S|ϕ = 1 |1 , |0 and |1 are orthogonal only in the limit of infinitely large coupling strengths, i.e. 
This -along with the distribution profile of Eq. (11) -implies that ensemble measurement can be used as an approach to "reading" a faux qubit when A w is real valued. When the distribution width of ϕ(q) 2 is sufficiently narrow and the coupling strength is sufficiently large, the interference term in Eq. (11) can be made quite small. In this case, Eq. (11) is given to good approximation by
The distribution ϕ(q) 2 centered at q = 0 corresponds to the distribution of the faux state |0 and the distribution ϕ(q − γ) 2 centered at (and separated from q = 0 by) q = γ corresponds to the distribution of the faux state |1 . Provided that A w ∈ {0, 1}, the ratio of the peak value of ϕ(q − γ) 2 to that of ϕ(q) 2 is the ratio |A w | 2 /|1 − A w | 2 from which A w can be readily determined when it is real valued. In fact, in [4] a method to encode the above faux states into logical qubit states was given, so that is is possible to translate the (continuous variable) pointer state to a (logical) qubit framework. This suggests that V m may have some utility in quantum computing.
Before closing, it is instructive to consider the twin Mach-Zehnder interferometer (MZI) which has been utilized to perform several recent experiments [11, 12] as an example of both an embodiment of V m and a faux qubit reader when A w ∈ {0, 1/2, 1}. Referring to Fig. 1 in [12] , a classically intense monochromatic beam of laser light with Gaussian distribution (this defines the initial pointer state |ϕ ) is introduced into the MZI along path R1 (this defines|R1 as the pre-selected state). With a φ = 0 phase window, the apparatus is aligned so that the path L4-R5 is optically dark. A piezo-electrically driven computer controlled stage changes the location of M1 in the direction shown in Fig. 1 to produce a transverse spatial shift of the photon beam. The displacement of M1 is proportional to the coupling strength γ and the reflection of the beam at M1 corresponds to the measurement of strength γ of the projector A ≡ |L2 L2| (the apparatus is then re-aligned to keep the path L4-R5 optically dark). The beam traverses the optically bright path R4-L5 and emerges from BS3 along paths R6 and L6. A camera placed at R6 defines |R6 as the post-selected state, the image of the intensity distribution corresponds the distribution of the faux state |1 , and the image's centroid to γA w when A w = 1. If the procedure is repeated with φ = π, the distribution of the image corresponds to the distribution of the faux state |0 and the centroid of the image corresponds to γA w when A w = 0 (note that if instead -a camera is placed at L6 when φ = 0, then |L6 is the post-selected state, the image of the intensity distribution corresponds to the distribution of the faux state |0 , and the associated centroid corresponds to γA w when A w = 0). If φ = 0 and the dark path is blocked with a shutter, then the image of the intensity distribution at R6 corresponds to the distribution of the faux qubit (|0 + |1 ) and its centroid to γA w when A w = 1/2. The observed pointer response with increasing coupling strength for φ ∈ {0, π} is provided in Fig. 3 in [12] (the line labeled "PSO..." corresponds to the pointer response when L4-R5 is blocked [11] ). There the symmetric pointer response curves are a consequence of the decreasing overlap of beams along paths L3 and R3 at BS2 as the coupling strength increases. Note that faux qubits can only exist where these beams overlap since the overlap provides the retrocausal channel required to induce A w . Additional detailed information concerning the interferometer, evaluation of weak values, and pointer response can be found in [11] [12] [13] .
